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Fig. 3 Effective transverse Young's modulus of composite with elastic
matrix.

Submodeling Approach to
Adaptive Mesh Refinement
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Fig. 4 Effective transverse Young's modulus of composite with vis-
coelastic matrix.

modulus drops by only 2% with an 80% decrease in the interfacial
modulus. However, with material IM-2 representing the interphase,
the value of the transverse effective Young's modulus decreases
by 58.8% during 1.6 x IO6 s time period. The effective transverse
Young's modulus is plotted in Fig. 3. In this case, the strains in
the fiber decrease with time whereas those in the matrix increase.
As time grows, the modulus of the interphase degrades to a much
smaller value than that of the fiber or matrix. The interface becomes
very weak, and this could be interpreted as approaching a state of
debonding.

In a second study, the constitutive relations for the interfacial
layer and the matrix are viscoelastic, and the fiber is elastic. The vol-
ume ratio of the fiber is 0.7, and the interphase thickness is 0.05/.
The number of elements and degrees of freedom are the same as
those in the first study. IM-1 is used for the interfacial material.
Time-dependent responses in the fiber, interphase, and matrix are
calculated. Transverse strain in the matrix increases 56% during a
1.5 x IO6 s period whereas the Young's modulus of the matrix de-
creases by 78%. Another study comprises a fiber-reinforced com-
posite with volume fraction vf =0.5. Fiber, interphase, and matrix
properties are given in the second example. Effective Young's mod-
uli in the transverse direction are computed and are depicted in
Fig. 4. The effective transverse Young's modulus is significantly
affected by the fiber volume fraction and viscoelastic behavior of
the matrix.
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Introduction

E RRORS exist in finite element results in regions where the
underlying piecewise polynomials cannot replicate the exact

solution. Zienkiewicz and Zhu1 have shown that these discretiza-
tion errors can be estimated by comparing the discontinuous finite
element stress fields to smoothed stress fields developed from the
finite element results. The errors in individual elements are quan-
tified as the strain energy contained in the differences between the
two stress fields.

The finite element solution is improved by refining the mesh in
regions of high error and solving the problem again. This adaptive
refinement process is repeated until an acceptable level of accuracy
is achieved. In the Zienkiewicz and Zhu approach, this iterative
process is terminated when the global error, which is computed as
the sum of the elemental errors, reaches a prespecified level.

This paper presents two improvements to the adaptive refinement
scheme just described: 1) instead of reanalyzing the whole region,
only regions of interest such as stress concentrations are reanalyzed
and 2) instead of terminating the adaptive refinement using a crite-
rion based on the global error, a local error criterion is used. The first
modification has the advantage of focusing the computational efforts
where they belong. The second modification has the advantage of
insuring that the solution is accurate in critical regions.

The first improvement is accomplished by identifying an internal
boundary that passes through elements with a low level of error. The
subproblem defined by this process is refined, the displacements
from the previous analysis are imposed on the internal boundary,
and the new model is solved. The second improvement terminates
the local adaptive refinement process when the elemental errors in
the subproblem reach a prespecified level. These changes improve
the efficiency of the analysis and ensure that the accuracy of the
results in the critical region is acceptable. All of the computations,
including the automated mesh refinements, are performed within a
commercial finite element code.
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Theoretical Background and Internal
Boundary Definition

The energy error norm for an element is defined as

\6i\2= f [cr*-cr'}TD-l{<T*-(Tf}dn
Jn

(1)

where cr' is the stress vector found by the finite element model, <r* is
the smoothed stress vector, and £2 is the area of the ith element. The
smoothed stresses are formed by interpolating the averaged stresses
at the nodes over the individual elements using the finite element
displacement interpolation functions.2-3

The percentage of error in an individual element is defined as

*100 (2)

where C// is the strain energy in the ith element and ei is the energy
error norm in the ith element. The global percentage of error is
defined similarly. Each of the quantities in Eq. (2) is a summation
over all of the elements.

The critical issues in this submodeling process are the following:
1) to identify internal submodel boundaries such that accurate solu-
tions are produced and the efficiency is enhanced and 2) to identify
termination criteria that guarantee a well-converged solution.

In this work, an elemental error of 5% or less is arbitrarily cho-
sen to define an element with an acceptable error. This 5% crite-
rion is used both to define the location of the internal boundary
and to stop the adaptive refinement process. As will be seen in
the results that follow, this arbitrary, nonoptimum criterion demon-
strates the proof of concept of the idea of adaptively refining
a subproblem.

The internal boundary is defined in the following way. The initial
finite element model is solved, and an error analysis is performed.
A circle is defined that has its origin at a point of critical interest
in the analysis and a radius that encompasses all of the elements
with 5% error in the region of interest. This process is shown in
Fig. la for the case of a one-quarter symmetry model of a shear
panel with a circular hole. The numbers superimposed on the ele-
ments indicates the percentage of error in the element. As can be
seen, the internal boundary isolates a region with a maximum error
of 5%.

The boundary of the submodel consists of a combination of an
internal boundary and a portion of the external boundary of the
original problem. Displacements interpolated from the global model
are applied to the internal boundary to include the effects of the
remainder of the problem. This initial internal boundary can be
retained throughout the remainder of the analysis, or the radius can
be reduced further as the elements on the edge of the circle contain
less error. The use of a moving internal boundary reduces the total
area that is contained in the submodel and adds to the efficiency of the
analysis. The process is terminated when the maximum elemental
error is 5%. The evolution of this approach is discussed in detail in
Ref. 4. Other approaches for defining an internal boundary are, of
course, possible.

The test problem consists of a square shear panel with an interior
hole. In the first problems solved, the hole is circular. In later exam-
ples, ellipses with more severe stress concentrations are evaluated.
An initial mesh representing one-quarter of the circular hole prob-
lem of unit thickness is shown in Fig. la. The analytic solution of
this problem with an elliptic hole in a finite shear panel is given in
Ref. 5. Six-node linear strain elements are used to represent these
plane stress problems because refined meshes are easy to develop,
curved boundaries can be included in the model, and no artificial
stiffening due to parasitic shear is present.6

Isotropic linear elastic properties are used. The two independent
material constants are assumed to be E = 30.0 x 106 psi and v =
0.3. The geometry and the loading condition allow a one-quarter
symmetric representation to be used. On the edge where the load
is applied, the displacement in the x direction is uniform with a
loading of 5000 Ib applied to the master node. This is similar to a
uniform load of 1000 Ib/in. along the edge.

b)

Fig. 1 Initial mesh with fixed internal boundary 430 DOF and the final
global refinement for a circular hole problem 11,454 DOF.

Full Model Refinement
The original quarter symmetry model for the circular hole con-

taining 430 degrees of freedom (DOF) is shown in Fig. la with the
percent elemental error norms. The maximum stress of 2688 psi is
11.7% less than the theoretical maximum stress of 3047 psi. The
global error norm for the model is 3.9%. If the quality of the re-
sult were to be judged in terms of the global error norm and in the
absence of a known solution, it might be concluded that the stress
results produced by this analysis are acceptable. However, the el-
emental error norms presented in Fig. la indicate that large errors
exist in the elements adjacent to the hole. The maximum elemental
error is 51.1%. The maximum error is not located in the region of
the maximum stress. Close analysis of the stresses show that large
errors exist in the shear stresses.

This model is globally refined until the maximum elemental error
is 5%. The peak value of crx is 3020 psi which is 0.9% less than
the analytic solution. The final finite element model contains 11,454
degrees of freedom and is shown in Fig. Ib. The aggregate results
of these refinements are given in Table 1.

It is interesting to note that the peak stress found in the first re-
finement agrees with theory to within 2.1%. This means that the
subsequent refinements are probably not needed. It should be noted
that the analytic solution is not available for most problems and
so the accuracy of the approximate solution must be confirmed in
other ways. This can be accomplished by evaluating the change
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Table 1 Results for a globally refined model

DOF

430
1,362
2,150
5,606
9,958

11,454

Max. elem.
error, %

51.1
21.6
13.2
7.2
5.1
4.0

psi
2,690
2,985
3,000
3,015
3,020
3,020

Stress
error, %

11.72
2.03
1.54
1.05
0.89
0.89

Global
error, %

3.9
0.6
0.4
0.3
0.2
0.2

Table 3 Results for a locally refined model with a
moving internal boundary

Table 2 Results for a locally refined model

DOF

282
442
942

4,466
9,174

11,394

Max. elem.
error, %

25.0
20.0
12.9
7.2
5.1
4.0

psi

2,984
2,977
3,005
3,017
3,018
3,018

Stress
error, %

2.07
2.29
1.38
0.98
0.95
0.95

in the peak stress from refinement to refinement or by specifying
an elemental error criterion. In either case, the third and, perhaps,
the fourth iterations would have to be performed before conver-
gence could be assumed. The third iteration has five times as many
DOF as the original mesh, and the fourth has 13 times as many.
As can be seen in the final column of Table 1, the global errors are
not closely correlated to the errors in the maximum stresses. For
this reason, the global error is not indicative of the accuracy of the
critical quantities and will not be presented for the remainder of
the analyses.

An evaluation of the elemental error distribution in the original
mesh shows that 350 of the original 430 DOF (81.4%) are associated
with the low error elements (5% or less elemental error). Since
solution times are related to the square of the problem size, it can
be seen that a penalty is paid for retaining unnecessary portions of
the problem.

Fixed Internal Boundary
As was just seen, the reanalysis of the total problem contained

a large region that did not need to be reanalyzed. The errors in
this region were low. The available computational resources could
be better expended on the critical part of the problem where the
stresses and errors are higher if the region of low error is removed
from the subsequent analyses.

A large portion of the region of low error is separated from the
original problem with an interior boundary that consists of the arc
of radius of 1.65 in. shown in Fig. la. The origin of the arc coincides
with the center of the interior hole and the radius encompasses the
element farthest from the center with an error measure of. 5%. This
provides an internal boundary that accurately represents the effect
of the remainder of the problem on the submodel. The results of
successively refining this submodel are given in Table 2. As can
be seen, the critical stress for even the initial refinement correlates
well with the exact result. The accuracy of the results shown in
Table 2 indicate that the interpolation of the displacements on the
internal boundary from the initial solution of the whole problem
accurately imposes the effects of the remainder of the problem on
the subproblem.

The distribution of the elemental errors in the first four re-
finements of the subproblem are shown in Fig. 2. As the refine-
ment progresses, more and more of the region is populated by
elements with little or no error. This suggests that the internal
boundary need not be fixed and that the computational efficiency
could be enhanced by introducing a strategy with a moving internal
boundary.

Floating Internal Boundary
Two different floating boundary schemes were evaluated. Orig-

inally, the origin of the circular boundary coincided with the cen-
ter of the hole. However, preliminary studies showed that a wider

DOF

1,400
1,356
1,282
1,218
2,946
5,402
5,160

Max. elem.
error, %

26.6
19.5
15.2
13.1
9.1
5.3
4.6

psi
2,926
2,975
2,989
2,989
3,002
3,009
3,009

Stress
error, %

3.97
2.36
1.90
1.90
1.48
1.25
1.25

Table 4 Results for a globally refined 2:1 model

DOF

672
1,430
2,104
3,740
5,060
5,432

Max. elem.
error, %

59.7
59.7
56.4
18.4
11.8
9.2

psi

2,956
3,246
3,743
4,730
4,900
4,952

Stress
error, %

41.1
35.3
25.4
5.7
2.3
1.3

range of problems could be satisfactorily analyzed by the moving
boundary strategy if the center of the arc was located at the point
of maximum stress.4 In strategies involving moving boundaries,
the boundary conditions are interpolated from the previous, locally
refined mesh instead of from the original global model. This ap-
proach was shown to be necessary if accurate results were to be
achieved.4 The results of this strategy for the circular hole are shown
in Table 3.

When these results are compared to the previous two solutions of
this problem, two observations concerning accuracy can be made.
First, it is seen that approximately the same number of DOF are re-
quired to achieve the same level of accuracy in the maximum stress.
Stress errors of 1.25% or less are found by the three approaches with
models consisting of 5606,4466, and 5160 DOF, respectively. Sec-
ond, it is seen that substantially fewer DOF are required to achieve
the specified level of 5% for the maximum elemental error with the
floating boundary approach than for the other two approaches. Only
5160 DOF are required: 11,454 and 11,394 for the global model and
the fixed internal boundary model, respectively.

In the case of a 2:1 elliptical stress concentration, the floating
boundary approach requires substantially fewer DOF to achieve both
a given level of error in the maximum stress and the 5% maximum
elemental error criterion.4 Thus, it can be concluded that the ap-
proach of adaptively refining a local model with a moving boundary
centered at the point of maximum stress produces efficient and ac-
curate results.

Applications
The approach using a floating interior boundary centered at the

point of maximum stress will now be applied to other problems. The
procedure will be applied to stress concentrations in elliptical holes
with aspect ratios of 2:1, 5:1, and 10:1, respectively.

The initial global model of the 2:1 stress concentration contains
672 DOF and yields a peak x component of stress of 2956 psi. The
analytic result is 5017 psi so the stress error is 41%. The model has
a maximum elemental error of 60%.

When the global model is refined with the 5% elemental error
as the target, the results are as shown in Table 4. As can be seen,
sufficiently accurate results were obtained before the elemental error
criterion was reached. With a final refinement of 5432 DOF, a peak
stress of 4952 psi is predicted. This is 1.3% less than the analytic
solution.

When the floating radius internal boundary approach is applied
to the 2:1 problem, the results are as shown in Table 5. After seven
refinements, the peak x -component stress is 4954 psi which is 1.26%
less than the exact solution. This result was achieved with a model
containing 2802 DOF. This is approximately one-half of the size of
the model needed to achieve a comparable accuracy by refining the
global model.
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The coarse global model of the 5:1 stress concentration contains
246 DOF and a peak jc-component stress of 3224 psi. The analytic
result is 10,948 psi so the finite element stress value is more than
three times smaller than the actual value. This corresponds to a
stress error of 70.6%, a maximum elemental error of 74% and a
global error of 11.3%. As is typical, the maximum error is near the
hole and the errors drop off rapidly away from the hole.

The results of refining the problem with the floating interior
boundary centered at the point of maximum stress are summarized
in Table 6. After seven refinements, a peak x component of stress
of 10,507 psi is predicted. This is 4.03% less than the theoretical
value. This result was achieved with a mesh of 6,736 DOF and a
maximum elemental error of 3.6%.

This configuration was not globally refined so there is no ba-
sis for directly establishing the efficiency of the moving boundary

technique for this problem. However, based on the average element
size in the final refinement, the problem size for a uniformly refined
mesh can be estimated as follows. Inspection of the final mesh re-
finement for the 5:1 ellipse implies that a uniformly refined mesh
would contain approximately 1.125 x 107 DOF. If an adjustment of,
say, 100 is made to allow for a transition to larger elements toward
the boundary (for the 1:1 geometry, an adjustment factor of 67 was
found), the full model would contain approximately 112,500 DOF.
Thus, it is concluded that for the 5:1 stress concentration, the sub-
modeling based adaptive refinement procedure provides for a sub-
stantial reduction in the number of DOF required to accurately rep-
resent this problem.

The results of applying the procedure to the stress concentration
consisting of a 10:1 ellipse produces the results shown in Table 7.
After eight refinements, a peak stress component in the x direction

Table 5 Results for a locally refined 2:1 model with a
moving internal boundary

DOF

246
592
754
720
644
666

1,326
2,802

Max. elem.
error, %

74.0
65.7
27.2
18.7
11.8
10.0
7.3
3.8

psi

3,224
3,797
4,511
4,774
4,853
4,889
4,938
4,954

Stress
error, %
70.55
24.32
10.09
4.84
3.27
2.55
1.58
1.26

Table 6 Results for a locally refined 5:1 model with a
moving internal boundary

DOF
Max. elem.

error, %

246
1,264
1,630
1,718
1,586
1,468
3,172
6,736

74.0
80.9.
34.7
19.4
15.1
13.0
8.2
3.6

psi
Stress

error, %

3,224
5,651
8,102
9,405
9,838
9,988

10,294
10,507

70.55
48.38
26.00
14.09
10.14
8.77
5.97
4.03

Fig. 2 Refined meshes with elemental error estimates with 1362,2150, 5606, and 9958 DOF.
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Table 7 Results for a locally refined 10:1 model with a
moving internal boundary

DOF

1,328
1,668
1,876
1,784
1,624
1,570
3,450
7,450
5,430

Max. elem.
error, %

65.7
64.2
71.3
53.5
33.6
25.8
18.8
11.2
0.6

psi

3,055
4,546
8,393

12,000
14,771
16,043
17,720
19,110
20,039

Stress
error, %

85.35
78.20
59.76
42.46
29.18
23.08
15.04
8.37
3.92

of 20,039 psi is predicted. This is 3.92% less than the analytic result.
This result was achieved with a mesh of 5430 DOF and a maximum
elemental error of 0.8%.

Summary, Conclusions, and Recommendations for
Further Research

A submodeling approach for adaptively refining stress concen-
trations has been developed. The stress concentrations are separated
from the remainder of the problem one at a time by defining internal
boundaries in terms of elemental error measures. The fact that the
effects of the remainder of the problem are satisfactorily included
in the subproblem by interpolating the displacements across the
internal boundary is indicated by the accuracy of the results.

The adaptive refinement is terminated when the maximum ele-
mental error reaches a predetermined value. This contrasts to some
approaches where a global error measure is used to terminate the
analysis. The use of the elemental error measure to stop the analysis
removes the effect of the far-field elements from the assessment of
the accuracy of the results at the stress concentration. The accuracy

of the analysis in the region of interest is used to terminate the
analysis.

The adaptive refinement of a submodel containing a stress con-
centration allows the computational resources to be focused on the
regions of the problem where they can best be utilized. For in-
stance, if a problem has several high-stress regions, each one can
be treated separately and in detail. The 5% elemental error criterion
used here to define both the internal boundary and to terminate the
analysis was chosen arbitrarily. Previous experience had shown that
this value would produce well-converged results for the example
problems solved here. That is to say, accuracy would prevail over
efficiency. Thus, a valuable area of future research would be to de-
termine a process for identifying the criteria that would produce the
desired mix between accuracy and efficiency for general problems.
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